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Abstract 

In this note we analyze the geometry of maximally symmetric boundary condi- 
tions in Lie supergroup Wess-Zumino-Novikov-Witten models. We find that gener- 
ically the worldvolume of a brane is a twisted superconjugacy class, very much like 
in the Lie group case. Whenever the brane is not completely delocalized in the 
fermionic directions a new atypical class of branes arises. We give an example of 
these new branes and show for type I supergroups and trivial gluing conditions 
that they can be naturally associated with atypical representations of the affine Lie 
superalgebra. 



1 Introduction 



Conformal field theories on Lie supergroups and their cosets are an interesting area of 
current research. They have concrete applications in disordered electron systems and in 
string theory. In addition sigma models with target space supersymmetry are interesting 
for their structural and mathematical properties, e.g. they provide examples of non- 
unitary models with possible nonpositive central charge. 

Studies of these models were initiated by Rozanski and Saleur [H [2] who investigated 
the simplest non-trivial model the WZNW model on the supergroup GL(1|1). These 
early investigations stimulated much further work on the emerging topic of logarithmic 
conformal field theory (see e.g. [3113] for a review). A few years back, the GL(1|1) WZNW 
model was revisited in [5] from a geometric rather than algebraic perspective. Effective 
computational tools were developed and then generalized to all type I Lie supergroups ([6l 
[7] and especially [8]). The method was further developed to solve the boundary GL(1|1) 
model with volume filling branes [9]. Branes have been studied in the GL(1|1) model 
[TOj and it was observed that the worldvolumes of the branes are twisted superconjugacy 
classes. 

The purpose of this note is two-fold. In the case of Lie groups the insight that the 
worldvolume of a brane is a twisted conjugacy class [11], [131 El IS] turned out to be a 
powerfull aide in the analysis of the boundary WZNW model. Knowing the geometry of 
the brane is extremely helpfuU in finding the gluing conditions of the fields, performing the 
minisuperspace analysis and setting up a formalism to solve the full quantum model. Also 
for problems like studying brane charges knowledge of the geometry is required. Thus for 
a further exploration of boundary WZNW models on Lie supergroups it is essential to 
understand its geometry. 

Representations of Lie superalgebras split into two classes, typical and atypical. While 
the appearance of singular vectors is generic in the representation theory of Lie algebras, 
singular vectors due to fermionic generators are quite atypical. Generalizing the proof 
that the branes' worldvolume is a twisted superconjugacy class from the known proof for 
Lie groups is generically possible but it fails at certain atypical points. These atypical 
points arise when the branes' worldvolume is not completely delocalized in the fermionic 
directions. We take this failure as a hint to suspect a different class of branes and indeed 
find them in the example of GL(1|1). Precisely, associated to these atypical points, 
we find four possible gluing conditions of which one corresponds to a superconjugacy 
class, the others do not. The failure is due to the fact that a certain operator is not 
invertible. This operator is not invertible because of the Grassmannian nature of the 
relevant Lie algebra. The boundary action typically requires the introduction of a 2-form 
uo which only exists if this operator is invertible. Thus for these new branes an action 
can only be found by introducing new auxiliary boundary fields, similar to [H], which 
we can indeed do for GL(1|1). Then we take a closer look at these branes and atypical 
representations. We restrict our attention to superconjugacy classes and representations 
of afiine Lie superalgebras of type I. Superconjugacy classes can be labelled by an element 
of a chosen Cartan subalgebra. Since for basic Lie superalgebras there is a unique invariant 



1 



non-degenerate bilinear form restricting non-degenerately to its Cartan subalgebras we 
can identify the Cartan subalgebra element with a weight and then with a representation 
associated to this weight. Via this identification, we show that a representation of the 
affine Lie superalgebra is atypical if and only if the associated superconjugacy class is 
localized in some fermionic directions. 

The structure of this note is as follows. In section 2 we recall some basic facts on 
Lie superalgebras and Lie supergroups. In section 3 we show that typically a branes' 
worldvolume is a twisted superconjugacy class. In section 4 we compute its action. In 
section 5 we investigate one example of atypical branes, then we compare co-adjoint orbits 
with representations of finite-dimensional Lie superalgebras of type I. This is the finite 
dimensional analogue of superconjugacy classes and representations of affine Lie super- 
algebras. Then we explain that if and only if a superconjugacy class is not completely 
delocalized in the fermionic directions the associated representation of the affine Lie su- 
peralgebra is atypical. In the appendix we list all gluing automorphisms of the relevant 
Lie superalgebras. 



2 Preliminaries 

We recall some properties of Lie superalgebras. The theory was developed by Victor 
Kac [171 HH], a collection of results is given in \19l. As a guideline to Lie supergroups we 
use the book by Berezin |20j . 

In the following, the Lie superalgebras will be over the real numbers M. 

Definition 2.1. Let q be a 1^2 graded algebra = flo © 0i with product [ , ] : x g ^ g 
that respects the grading. The parity of an homogeneous element is denoted by 

|X| = I i ^.^ 0S . (2.1) 

' ' { 1 X m Qi 

Then q is a Lie superalgebra if it satisfies antisupersymmetry and graded Jacobi iden- 
tity, i.e. 

= [X,r] + (-l)l^l'^l[r,X] and 

= (-i)Wi^i[x,[r,z]] + (-i)i^ii^i[r,[z,x]] + (-i)i^ii^i[z,[x,F]] , ^^'^^ 

for all X, Y and Z in g. 

Further a bilinear form B : q x g ^ is called a consistent supersymmetric 
invariant bilinear form if 

B{X,Y) = VXGfloAVFGfli 

5(X,r) - (-l)l^ll^l5(F,X) = ^X,Yegand (2.3) 

B{[X,Y],Z)-B{X,[Y,Z]) =0 VX,r,ZG0. 
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A simple Lie superalgebra whose even part is a reductive Lie algebra and which pos- 
sesses a nonzero supersymmetric invariant bilinear form, is called a basic Lie superalgebra. 
They are completely classified pTl [18] . There are the infinite series of unitary superal- 
gebras sl{m\n) for m ^ n, psl{n\n) and the orthosymplectic series osp{m\2n) as well as 
some exceptional ones. In addition we will also consider Lie superalgebras of type gl{m\n). 
We state their fundamental matrix realizations in appendix lA.li A non degenerate in- 
variant supersymmetric bilinear form is then given by the supertrace str in this matrix 
representation which we will use in the following sections. 

A Lie supergroup can be obtained from a Lie superalgebra as follows. Let {t"'} be 
a basis of go and {s''} a basis of gi, then the Grassmann envelope A(g) of g consists of 
formal linear combinations 

X = Xaf' + ebs' (2.4) 

where the Xa are Grassmann even, the 6b Grassmann odd and summation over the indices 
is implied. Note, that A(g) is a Lie algebra. Then following Berezin |20j a supergroup G 
is the group generated by elements g of the form g = expX with X in the Grassmann 
envelope of g, i.e. the Lie supergroup G of the Lie superalgebra g is the Lie group of the 
Lie algebra A(g). Further we denote the Lie subgroup of the subalgebra gg by Go- 
The Lie group G acts on its Lie algebra A(g) by conjugation 

Ad(a) : A(g) ^ A(g) , X ^ aXa"^ (2.5) 

for a in G and X in A(g). Since the invariant bilinear form is the supertrace of a repre- 
sentation it is invariant under the adjoint action, i.e. 

str(Ad(a)X,Ad(a)r) = str(X,r) (2.6) 

for any X, Y in A(g) and a in G. 

Consider a Lie supergroup G with a supersymmetric invariant nonzero bilinear form. 
We identify the Grassmann envelope of the underlying Lie superalgebra with the tangent 
space at the identity, A(g) = T^G. On the tangent space TgG at g in G we have left and 
right identification, 

Lg : A(g) TgG, LgX = gX and 

Rg : A(g) TgG, RgX = Xg . ^^'^^ 

The left identification induces a left invariant metric, i.e. {gX,gY) := str(X, F). This 
metric is also right invariant, since it is invariant under the adjoint action Ad{g^^). 

Now we turn to the description of branes. Let S be an orientable Riemann surface 
with boundary dH. Further let Xa : S ^ Ao(M) and ^j, : S — >■ Ai(M) be infinitely 
differentiable functions into the even respectively odd part of the Grassmann algebra over 
M. By infinitely differentiable we mean a function of the form [20] 

/ = fi^) = E E f^u...,^.i^)On■■■0^, , (2.8) 

fc>0 
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where a; G S, the are M-valued infinitely differentiable functions on S and the 

9i generate the Grassmann algebra A(M). Locally one usually parametrizes any element 
in S as (r, a), where the first coordinate belongs to the direction parallel to the boundary 
and the second one to the perpendicular direction, and then introduces complex variables 
z = T + ia and z = t — ia. Then we introduce the local A(0)-valued field on S 

X{z,z) = Xaiz^z)^ + 9biz,z)s'' (2.9) 

and the G-valued field g{z, z) = expX{z, z). The currents of the WZNW theory at level 
k are 

J = -kdgg-^ and J = kg~^dg . (2.10) 

Whenever the Lie superalgebra g is not simple there is not a unique invariant non- 
degenerate supersymmetric bilinear form. The holomorphic and anti-holomorphic Sug- 
awara energy-momentum tensors T and T are obtained by contracting the currents with 
the inverse of a distinguished invariant non-degenerate supersymmetric bilinear form (see 
[8] for the case of type I Lie superalgebras) . The conformal symmetry of the WZNW 
theory is preserved if the energy-momentum tensor satisfies the boundary condition 

T = T foTZ = z. (2.11) 

This is certainly satisfied if the boundary conditions of the currents are 

J = n{J) for 2 = z , (2.12) 

where Q is an automorphism of g preserving any invariant non-degenerate supersymmet- 
ric bilinear form of g. The currents are A(g)-valued fields and Q lifts to an automorphism 
of A(g) in the obvious way. Since these gluing conditions do not only preserve conformal 
symmetry but also half the current symmetry they are called maximally symmetric. Au- 
tomorphisms of basic Lie superalgebras were classified by Vera Serganova [21] . We give a 
complete list of those that preserve the metric in appendix IA.2I 

3 Typical Branes 

For WZNW models on Lie groups the geometry of branes has been studied in detail 
e.g. [m US [15]. If a field g takes values in a Lie group with definite metric, then the 
boundary conditions fl2.12p imply that the restriction of g to the boundary of the Riemann 
surface S takes values in a twisted conjugacy class. 

The generalization to Lie supergroups is the following. 

Proposition 3.1. Let the restriction of g to the boundary of the Riemann surface S take 
values in a subspace N (Z G such that the boundary conditions Ii2.12\) hold. We call N the 
branes worldvolume. If the metric restricts non- degenerately to the tangent space TgN of 
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the branes worldvolume N and if the tangent space of G at the point g decomposes in the 
direct sum ofTgN and its orthogonal complement TgN^, 

TgG = TgN®TgN^ , (SJ) 

then the worldvolume N is the twisted superconjugacy clas^ 



= { n{h)gh-^ \h e G} . (3.2) 

Since the metric is not definite, the decomposition (13.11) is not guaranteed to hold in 
generaL But for Lie supergroups with the property that the restriction of the metric to 
any simple or abelian subgroup of the underlying Lie group Go is definite it holds for a 
twisted superconjugacy class that is completely delocalized in the fermionic directions, i.e. 
expA(0i) C C^. This is the regular case and we call these branes typical in analogy to 
typical representations. In section [5] we will explain that this is more than a mere analogy. 
We will call all other branes atypical. If the gluing automorphism Q is inner, then the 
above assumptions also hold for non-regular twisted superconjugacy classes containing a 
point g in the bosonic Lie subgroup Gq while they never hold for twisted superconjugacy 
classes containing a point g = expX with X nilpotent. We will give an example in section 
15.11 of branes covering these regions. 

Now, let us explain the above proposition following [12]. The gluing conditions (I2.12p 
can be translated to boundary conditions in the tangent space TgG tangent to the point 
g & G, i.e. with the help of the left and right translation the boundary conditions read 

dg = -9.gdg (3.3) 

where VLg is the map on the tangent space at g defined as 

fig = RgOVlO Lg^l : TgG ^ TgG . (3.4) 

Note that for any given tangent vector V in TgG we have fig(V^) = VL{g~^V)g. In terms 
of Dirichlet and Neumann derivatives {2dp = d + d and 2idn = d — d) the boundary 
conditions are 

il + ng)dpg = -iil-ng)dng . (3.5) 

We need the assumption that the metric restricts non-degenerately to TgN and that 
the tangent space TgG splits into a direct sum 

TgG = TgN © TgN^ , (3.6) 

^The automorphism fl of the Lie superalgebra lifts to an automorphism of the Lie supergroup via 
Q{expX) = expQ{X). We still denote it by Q. 
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then equation (13.51) identifies those vectors in TgG which have nonzero {1 — Vtg) eigenvalue 
as directions of Neumann boundary conditions, i.e. they are vectors tangent to the branes 
worldvolume A^. Then TgN^ is spanned by the vectors having zero (1 — Qg) eigenvalue. 
Let V be in TgN-^ then VLgiV) = V which is expressed in terms of Q 

Qig-W) = Vg-' . (3.7) 



Therefore 

{yt{g-^W)-Vg-^,Vl{X)) = Q for all X in A(g) . (3.8) 

Since the metric is left- and right-invariant and invariant under (recall that f2 is required 
to be metric preserving) (13.81) is equivalent to 

{y,gX-n{X)g) = . (3.9) 

Hence gX — VL{X)g is orthogonal to TgN-^, i.e. it is tangent to the worldvolume N of the 
brane, but it is also tangent to the twisted superconjugacy class 

= { Q{h)gh-^ \h eG} . (3.10) 

This can be seen as follows. Consider the curve Q{h{t))gh{t)~^ in through g, i.e. 
h{0) = 1 and h{0) = —X, then its tangent vector at g is 

^ n{hit))ghit)-' = gX- n{X)g . (3.11) 
at t=o 

Hence the tangent vectors of the form gX — VL{X)g are the tangent vectors of the twisted 
superconjugacy class C^. It remains to show that any tangent vector tangent to the 
worldvolume of the brane has the form gX — VL{X)g. Recall that those tangent vectors 
V describe Dirichlet boundary conditions which are in the kernel of 1 — Vtg. Therefore, 
the image of the adjoint operator (1 — VLg^ must be TgN . Since Qg = Rg o Q o Lg~i is an 
isometry the adjoint is the inverse 

(1-fig)^ = {1 - RgoQo Lg-i^ = 1- LgoQ-^ oRg^i , (3.12) 



i.e. any element W in TgN can be written as 



W = U - gQ-\Ug-^) (3.13) 

for some U in TgG. Further any vector U in TgG can be written as f/ = fl(X)g for some 
X in A{q), hence W = fl{X)g — gX for some X. We conclude that the worldvolume of a 
brane is a twisted superconjugacy class. 

There are some remarks. 
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Remark 1. The Lie supergroup acts on a twisted superconjugacy class by the twisted 
adjoint action Ad^ 

Ad^(a) : 

1 11 1 (3-14) 

M^{a){Vt{h)gh-^) = Vt{a)n{h)gh-^a-^ = Vt{ah)g{ahY^ 

for any a in G and VL{h)gh^^ in . When analyzing branes on a Lie supergroup one 
usually starts with its semiclassical limit, the minisuperspace [9], [16]. The minisuperspace 
of a brane of a Lie supergroup is the space of functions that do not vanish on the brane. 
The infinitesimal twisted adjoint action acts on this space. This action is the semiclassical 
limit of the action of the boundary currents on the boundary fields. The infinitesimal 
twisted adjoint action can be expressed through the infinitesimal lefttranslation (which is 
computed for type I Lie superalgebras in [8J). Let /i be in G and L\ be the lefttranslation 
in the direction X, i.e. 

L\:G — > ThG , L^/i = -Xh . (3.15) 

Further its action on is L\h^^ = h^^X since Lx{hh~^) = 0, hence its action on the 
twisted superconjugacy class element a = Q{h)gh~^ is the infinitesimal twisted adjoint 
action 

L''x{n{h)gh-^) = -n{Xh)gh-^ + n{h)gh-^X = -n{X)a + aX . (3.16) 

Remark 2. The stabilizer of g under the twisted adjoint action is the twisted super- 
centralizer 

Z{g,n) = {h e G\n{h)g = gh} . (3.17) 

Its tangent space at g is the kernel of 1 — fig. The twisted superconjugacy class can be 
described by the homogeneous space G/ Z{g,Q). In the regular case the twisted super- 
centralizer is isomorphic to the maximal set of commuting points which are pointwise 
fixed under the action of Q, i.e. it is contained in a maximal torus. Whenever Q is inner 
it is a maximal torus. A maximal torus of a basic Lie superalgebra is isomorphic to the 
maximal torus of its bosonic Lie subalgebra. Therefore in the regular case the brane is 
completely delocalized in the fermionic directions and since the metric is consistent (see 
Definition 12. ip the assumed orthogonal decomposition (13. ip is true if it is true for the 
restriction to the Lie subgroup Gq. At non regular points the brane is not necessarily 
completely delocalized in the fermionic directions in these cases one has to check wether 
fIXTD holds. 

It certainly does not hold for superconjugacy classes containing a point g = expX 
with X nilpotent, since then the operator 1 — fi^ is not diagonalizable. In this case there 
is a new type of branes whose geometry is rather different, we will give an example in 
section 15.11 
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Remark 3. Gluing automorphisms must be metric preserving automorphisms of the 
relevant Lie algebra that is the Grassmann envelope A(g) of the Lie superalgebra q. So 
far we obtained such an automorphism by lifting it from an automorphism of the Lie 
superalgebra g. These are not all possible gluing automorphisms because conjugating by 
a fermionic Lie supergroup element 6 is an automorphism of A.{g) but not of g. The above 
statements also hold for Q = Ad{9) and a Ad{9) twisted superconjugacy class is simply a 
left translate by 9 of an ordinary superconjugacy class. 



4 The Action of typical branes 

In this section we state the action of WZNW models on supergroups. The Lie group 
case has been studied extensively and generalizes to Lie supergroups. In our considerations 
we will follow the reasoning of [143 and p2]. We start with the bulk action. 



4.1 The bulk action 

The setup is exactly as in the Lie group case. So let E be a compact Riemann surface 
without boundary, and g : H ^ G a map from the Riemann surface to the Lie supergroup 
G. Assume that there exists an extension of this map to a map g : B G from a 
3-manifold B with boundary dB = S to G. Further let z = r + ia and z = t ~ ia then 
the kinetic term of the action is 

SUg] = 7^ / drda stT{g-'dg g'^dg) (4.1) 

and the Wess-Zumino term is [23] 

SMg] = ^ [ H = ^ [ stiir^d-gAT'dg Ar'dg) . (4.2) 

The full action is then 

S[g] = S^r.[g] + S^z[g] • (4.3) 
Further the variation of the action is 

5S = S[g + 5g]-S[g] = - [ drda sii{g-^5g d{g-^dg)) . (4.4) 

Thus we obtain the bulk equations of motion dJ = dJ = 0. As in the case of Lie groups 
it is straightforward to compute the Polyakov-Wiegmann identity 

S[gh] = S[g] + S[h] + - [ drda str{dhh~^ g-^dg) . (4.5) 
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The action (14.31) is well-defined if it does not depend on the extension ^ to a 3- manifold B. 
For type I Lie supergroup models this is done as follows [5], [71 [8] . Type I Lie superalgebras 
have the distinguished Z-graduation g = 0- © go © 0+, where g± are two irreducible 
representations of the bosonic subgroup go and the supertrace satisfies 

str(X+r+) = str(X_r_) = for all X± and r± in g± . (4.6) 

Then parameterizing a Lie supergroup element accordingly g = e^^gQe^+ and applying 
the Polyakov-Wiegmann identity (14.51) twice the action becomes 

S[~g] = S[g~o] + - [ drda stT{Ad{go){d9+)d9_) . (4.7) 

Thus the ambiguity in the extension of this model is the ambiguity of the Lie group 
WZNW model of the bosonic subgroup Gq and gives well-known quantization conditions 
to the level k [H]. 

Type II Lie supergroups can be treated similarly [21] . The distinguished Z-graduation 

is g = g_2 © g-i © go © gi © 02 and the supertrace satisfies 

str(Xi Yj) = for all Xi in g^ Yj in g^ and i + j ^ . (4.8) 

Then parameterizing a Lie supergroup element according to the distinguished Z-graduation 
g = g^e^-goe^+g+ and applying the Polyakov-Wiegmann identity (14. 5 p four times the ac- 
tion becomes 

S[~g] =S[g~o] + - [ drda stT{Adigo){d9^)d9^) + 

(4.9) 

^Jjrda stTiAdigo)i[9+,d9^]+2dg^g-')i[d9_,9_] + 2gZ'dg^)) . 

Thus the ambiguity in the extension in this model is the ambiguity of the Lie group 
WZNW model of the bosonic subgroup which corresponds to the Lie subalgebra go- 



4.2 The boundary action 

In this section we will state the boundary action. Following [H], we represent a 
Riemann surface S with boundary as where S' is a Riemann surface without 

boundary and D an open disc. We want to have a WZNW model based on a map 
g : —>■ G from the world-sheet with boundary to the Lie supergroup G. Therefore one 
needs to extend the map to a 3-manifold B. This is not possible for a world-sheet with 
boundary. Thus the idea is to first extend g to a map g' -.11' ^ G then to consider the WZ 
term based on g' and to subtract a boundary term which only depends on the restriction 
of g' to the closure of the disc D. This boundary term has to be such that it coincides 
with the restriction of the Wess-Zumino term to the disc and such that the variation of 
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the total action vanishes provided the usual equation of motion hold in the bulk and the 
desired gluing condition at the boundary. 

Let us introduce the action and show that it has the two properties mentioned above. 

Let g,g',Ti,Ti' as above, let g : B ^ G an extension of g' to a 3-manifold B with 
boundary dB = S'. Further let the restriction of g' to the closure of the disc D map to a 
twisted superconjugacy class at a regular point a, 

g'{D) C . (4.10) 

Then the WZNW action for the twisted boundary conditions J = Q{J) is given by 

SnAa] = SU9] + S^g] ! ^- (4.11) 

Where uo is (using the shorthand Vt = Ad{g'~^) o Q) 

u; = ^stT{g'-'dg' AS±^^g"'dg') (4.12) 

and f2 — 1 restricted to a twisted superconjugacy class is invertible as already seen in the 
previous section. If we write g'lfj = Q{h)ah~^ then 

{Q - l)-^g'-^dg'\^ = dhh-^ . (4.13) 

This allows us to rewrite the boundary term as 



— [ uj = — [ drda str{n{dhh-^)dhh-^ - n{dhh-^)dhh-^) . (4.14) 
2tc J[) 27r J[) 



Now we can check explicitly that the proposed action has the desired properties. First 
the restriction of the 3-form H to the twisted superconjugacy class indeed coincides with 

duo 

du = H\ . (4.15) 

Further the variation of the action vanishes provided the usual bulk equations of motion 
and the boundary equation of motions J = Q{J) hold, 

SSnAg] = SS^'^'J'lg] + ^ / dT str{6hh-\{l - n)dhh-' + (fi-^ - l)dhh-^)) 

JdD 



(4.16) 



A well-defined action should not depend on the extensions of the map g. In [9] the 
boundary GL(1|1) model with gluing automorphism Q = {—st) (see Appendix IA.2l for the 
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description of {—st)) is studied using a triangular decomposition of the group valued field. 
This can be generalized to all type I boundary WZNW models with gluing automorphism 
Q = {—st) [25] and as in the bulk case there is no additional quantization condition from 
the fermionic fields. 

For general Q and any basic Lie superalgebra, there is a parameterization of the G- 
valued field g that is particularly adapted to the problem: g = Q{9)gQ9~^ where go in 
the bosonic subgroup Gq and 6 takes values in expA(gi). Using the Polyakov-Wiegmann 
identity (14. 5 p and the explicit form of the boundary term (14.141) one can rewrite the action 

as 

SnAg] = Sn\a,A9o] + ^ [ drda stiiO-' 06 0-' 06) + stT{dgogo' ^{0-' 06)) + 

-stT{e-'de g^'dgo) - str(ri9e go'ni9-'de)go) . 

This model then has the same quantization conditions as the Lie group boundary WZNW 
model Sni^^Aao]- 

5 Atypical branes and atypical representations 

The aim of this section is to investigate the existence of additional branes and its re- 
lation to atypical representations of finite dimensional Lie superalgebras and its affiniza- 
tions. We start with an example of new additional branes. 

5.1 Atypical branes in the GL(1|1) WZNW model 

We restrict our attention for now to trivial gluing conditions J = J. We observed that 
there are certain points that do not intersect any typical brane with trivial boundary con- 
ditions. The natural question is whether there exist branes intersecting these points? We 
study this question in the example of GL(1|1). The typical branes have been investigated 
in detail in [TU] . 

The Lie superalgebra gl(l|l) is generated by two bosonic elements E,N and two 
fermionic elements subject to the relations 

[A^,^^] = , {^",^+} = E and E central. (5.1) 

We parametrize a GL(1|1) valued field g in terms of two bosonic fields X and Y and two 
fermionic fields c±, 

g = ^^c-^-^iXE+iYN^^c+^+ _ (53) 

Inserting our specific choice of the parametrization (15. 2p . the currents take the following 
form 

J = kie'^Bc^^- + k{idX -{dc^)c+(^^)E + kidYN + k{idc+-c+dY)^+ (5.3) 
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and 

J = -k{idc^-c^dY)m~ -k{idX ~c.{dc+)e^^)E -kidYN ~kie^^dc+m^. (5.4) 

In terms of these fields the gluing condition J = J imply the Dirichlet boundary condition 
drY = for the field Y. The non-regular points are those where Y = yo = 27is, for an 
integer s, at the boundary. At these points the boundary conditions for the remaining 
fields are of the form 

2drC± = ±c±daY and 2drX + C-daC^ + c+daC- = 0. (5.5) 

Note that the first two equations imply d-r{c-C+) = 0. There are four different possibilities 
to satisfy these boundary conditions, i.e. by imposing the following Dirichlet conditions 
in addition to Y = yo = 2tts for s in Z: 

I. X = xo and c± = 0, 

II. c+ = 0, 

III. c_ = or 

IV. no additional ones. 

The first case corresponds to a superconjugacy class and has allready been investigated 
in [in] while the other cases are new and do not correspond to superconjugacy classes. 
The actions to these four cases requires the introduction of one extra bosonic boundary 
field (3 and two fermionic boundary fields 7±. Then the action is 

j drda dXdY + dYdX + 2e^^ dc+dc^ + ^bdy (5.6) 





(5.7) 

dr XdrP + c+9t-7_ + c+7_(9t-/5 



dr Xdr/3 + C-dr'y+ + c+dr'j- — C-'y+drP + c+'j-drP . 



The variation of the action under the corresponding Dirichlet conditions listed above 
vanishes along the boundary provided (15. 5p holds. 

In order to get an idea what the spectrum of these new branes is let us look at the min- 
isuperspace limit, that is the limit of large level k. The minisuperspace limit of a boundary 



S = 
where 

civ _ ^ f 
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|0) 




±^/'+^/'-|0) 




Fig. 1 



Projective cover Vq: all states are annihilated by E and and act as indicated. 
There is a 3-dimensional subrepresentation, two 2-dimensional ones and the trivial 1- 
dimensional subrepresentation. 



theory is given by tlie functions on tlie Lie supergroup modulo those that vanish on the 
brane. The case of typical branes has been analyzed in (TU]. The semi-classical spectrum 
of typical regular branes is the four dimensional adjoint representation Vo- In the same 
way one can show that the minisuperspace limit of the above boundary conditions is built 
out of representations that are quotient of Vq by its proper invariant subrepresentations 
(there are four of them see Figure 1). In case I this is the trivial irreducible representation 
while in the other three cases the representations are not irreducible but they are still 
indecomposable. All these four representations are called atypical. 

5.2 Geometry and irreducible Representations 

In this section all Lie superalgebras are basic simple Lie superalgebras of type I. 

The co-adjoint orbit method of Kirilov and Kostant [26] relates co-adjoint orbits of a 
Lie group to representations of the group. In the case of compact simple Lie groups this 
correspondence is {^7\ and references therein) 

tta < — > Vlx+p (5.8) 

where tta is a irreducible highest weight representation of the compact Lie group G with 
dominant highest weight A, p the Weyl vector and Q the co-adjoint orbit in the dual of 
the Lie algebra g* containing X + p. 

Non compact Lie supergroups are relevant (i.e. real forms whose restriction to the 
bosonic subgroup is non compact), and the representations are neither necessarily finite 
nor highest (lowest) weight. In subsection 15.2.11 we relate representations of the finite 
dimensional Lie superalgebra g to its co-adjoint orbits, 

971a " nx+p . (5.9) 

Here Tlx denotes a collection of representations associated to the weight A. We show 
that the geometry encodes information about the representation in the following sense: 
if a representation nx in Tlx is atypical then the associated co-adjoint orbit ^x+p is not 
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completely delocalized in the fermionic directions. Atypicality refers to the existence of 
fermionic singular vectors which we will explain below. In the previous section we saw in 
the example of GL(1|1) that these atypical representations are the minisuperspace limit 
of the spectrum of the new atypical branes. 

The next step in subsection 15.2.21 is to relate in a similar manner superconjugacy 
classes to representations of the affine Lie superalgebra at fixed level k (we restrict our 
attention to highest (lowest)-weight representations), i.e. 

V±{X,k) ^ {Cx+p,k) . (5.10) 

Here V±{X,k) are highest (lowest)-weight representations and the correspondence is such 
that any atypical representation is associated to a superconjugacy class that is not com- 
pletely delocalized in the fermionic directions. 

In the case of the GL(1|1) model this correspondence has an interpretation in terms 
of Cardy boundary states. 

5.2.1 Representations of finite dimensional Lie superalgebras 

The finite dimensional representations of finite dimensional classical Lie superalgebras 
are described by Kac in [1^ and ^28j. Gould gives a generalization to infinite dimensional 
representations |29j . 

Fix a Cartan subalgebra f) of g and denote the dual space by [)*. A non degenerate 
supersymmetric invariant bilinear form of the classical Lie superalgebras restricts non 
degenerately to a Cartan subalgebra f) and induces a non degenerate bilinear form on its 
dual space. We denote it by ( | ). Further a root is defined as follows. 

Definition 5.1. For a ^ in i)* one sets 

fla = {a G I [h,a] = a{h)a M h G [) } . (5-11) 

a is called a root if Qa ^ ^ o-nd is called rootspace. Further a root is called even if 
0o n 00 7^ and odd 0a H 0i 7^ 0. Denote by A the set of roots, by Aq the set of even 
roots and by Ai the set of odd roots. 

The Lie superalgebra g possesses the usual nonunique decomposition 

= n_ © [) ©n+ . (5.12) 

One calls a root positive if go- fl n+ 7^ and negative if fl n_ 7^ 0. Let po be half the sum 
of even positive roots and pi half the sum of odd positive roots, then the Weyl vector is 

P = Po- Pi ■ (5.13) 

We recall the classification results for irreducible representations of type I Lie superalge- 
bras by Gould [29j. Let A in [)* be the highest weight of a highest weight representation 



14 



V{X) and let Z be the center of the universal enveloping algebra U{q) of the Lie super- 
algebra g, then Z takes constant values on V{X). The eigenvalue of z in Z on V{X) is 
denoted by Xa(-2), this defines an algebra homomorphism 

Xx-.Z^C, xx{z) (5.14) 

called infinitesimal character. A representation admits an infinitesimal character xx if the 
elements z in Z take constant values Xa(^) in the representation. In the case of simple 
Lie algebras it is well known that every irreducible representation admits an infinitesimal 
character [30]. The generalization to type I Lie superalgebras is proved by Gould [29j: 

Theorem 5.2. Every irreducible representation of a Lie superalgebra of type I admits an 
infinitesimal character xx for some A in i)* . 

We construct representations explicitly as done by Kac |28]. Recall the triangular 
decomposition of type I Lie superalgebras = 0- ©0o©0+ (fl- ci-nd 0+ are two irreducible 
representations of the bosonic subalgebra qq). Let Vq be a representation of the bosonic 
subalgebra qq of countable dimension then one gets a representation of © 0+ by pro- 
moting the elements in 0+ to annihilation operators 0+(Vo) = and the elements in 0_ 
to creation operators, i.e. we define the Kac module of Vq to be 

ICiVo) = Indle^AVo) ■ (5.15) 
The main results in [29] are summarized in 

Theorem 5.3. Let Vq be an irreducible representation of Qq and /C(Vo) the Kac module. 
Then 

• there exists a maximal proper submodule M{Vo), 

• the quotient /C(Vo)/M(Vo) is irreducible and all irreducible representations are of 
this form. 

• Vq admits an infinitesimal character x° and /C(Vo) is irreducible if and only if (A + 
p\a) 7^ for all odd positive roots a. 

Denote the collection of Kac-modules with infinitesimal character xx by OJIa- In view 
of this theorem we call a representation Vx in dJlx atypical if there exists an odd positive 
root a such that (A -|- p\a) = 0. 

Now, we turn to co-adjoint orbits. Since the metric restricts non-degenerately to i) 
there exists an hx+p in () such that (A + p){h) = {hx+p,h) for all h in [). We write 
A + p = {hx+p, ■ ), then the co-adjoint orbit containing A -|- p is 

^A+p = { (ghx+pg^^, ■ ) \ ginG } . (5.16) 

It follows that the orbit extends into the dual space of the root space of the root a 0* if 
and only if (A + p\a) ^ 0. This gives us the following relation between Kac-modules and 
CO- adjoint orbits. 
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Proposition 5.4. There is a one-to-one correspondence between collections of Kac-modules 
with infinitesimal character x\ cii^d co-adjoint orbits 

nx+p ^ Tlx , (5.17) 

such that if and only if a representation is atypical the associated co-adjoint orbit is not 
completely delocalized in the fermionic directions. 

5.2.2 Representations of afRne Lie superalgebras 

References to affine Lie superalgebras are [31] and [32]. The affine Lie superalgebra 
corresponding to g is 

= C[t,t~^]®Q®CK®Cd (5.18) 



where K is central and 



[t"'(^x,f'®y] = t"'+'' ^[x,y]+m6m+n{x,y)K 



(5.19) 



The vector space 

^) = \)®CK®Cd (5.20) 

is a Cartan subalgebra of q. We extend a linear function A on f) to f) by setting X{K) = 
X{d) = and define linear functions Aq and 5 on f) by 

Ao([)©Cd) = , Ao{K) = 1 , 6{h®CK) = and 6{d) = 1. (5.21) 
Then P)* = [)* © CAq © C6. We also extend a bilinear form ( , ) from g to g by setting 

(t"^©x,r©y) = 6m+n{x,y) , {t"'^x,K) = (t™©X,rf) = 0, 

{K, K) = (rf, d) = and {K,d) = 1 . ^ ' 

Further the space of positive roots is 

A+ = A+U{a + nS\n>0} . (5.23) 

The affine Weyl vector is 

p = p + /i^Ao , (5.24) 

where /i^ is the dual Coxeter number that is the eigenvalue of the quadratic Casimir of g 
in the adjoint representation. 

Representations of a WZNW model are constructed as follows. First one considers 
a Verma module V±(A) of the derived subalgebra 'g' with highest (lowest)-weight vector 
A = A + kAo where A is a weight of g. Then via the Sugawara construction (see [33] for 
affine Lie algebras and [S] for the supercase) the Verma module extends to a representation 
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of the semidirect sum + Vir in particular by identifying the Virasoro zero mode Lq with 
the derivation d it extends to a g module. The highest-weight vector then has conformal 
dimension (Lq eigenvalue) 

- ^ ■ 

We call such a Verma module typical if all its singular vectors are inherited from the 
bosonic subalgebra, otherwise it is called atypical. According to [8] a necessary condition 
for atypicality is 

h\_a' = h\ + n (5.26) 

where a = a' + nS for some integer n and an odd root a' of g. If a is a positive odd root 
the highest-weight representation V^+(A) can be atypical, and if a is a negative odd root 
the lowest-weight representation V^{A) can be atypical. Equation fl5.26p can be rewritten 
as 

(A + p I a) = . (5.27) 

In (3^ it is shown that this is exactly the atypicality condition for basic affine Lie super- 
algebras of type I. 

Atypical representations are closely related to atypical representations of the horizontal 
subalgebra. We know that V±{A) is atypical if there is a singular vector on the level of 
the horizontal subalgebra g. Concatenating the representation with an automorphism 
of gives an isomorphic representation that is also atypical. The affine Weyl group 
induces automorphisms of the affine Lie superalgebra g. The affine Weyl group is the 
automorphism group on the root and coroot systems and hence induces an automorphism 
on the affine Lie superalgebra since this in return is uniquely defined via its roots, coroots 
and Cartan subalgebra. Denote by M the Z span of the coroots of g and define the 
translation ta as {a in M) 

t^{X) = X + X{K)a-{{X\a) + ^{a\a)X{K))6 . (5.28) 

We denote the group of translations {ta \ a in M} by Tm- Then the affine Weyl group is 
[31] (W denotes the Weyl group of g) 



W = W kTm . (5.29) 

The translation ta induces an isomorphism ta on g which acts explicitly as 

ta '■ h h + a{h)K for h in i) 

K ^ K 

1 , , (5.30) 
d t—>- d — ha — -{a\a)K 
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If one knows the characters of the representations of g then one can identify the repre- 
sentations obtained by an automorphism via (the hi, . . .hr form an orthonormal basis of 

0) 

X,oiAq,z.^ = tr,{q'-^'^ zl"^'^^ ... 4-^^^^ {-If) 

(5.31) 

If every representation has a unique character then this identification is exact. In the 
cases of gi(l|l)| |5], su(2|l) [6] and pi5(l,l|2) [7] all atypical representations could be 
obtained in this way from representations that have a singular vector on the level of the 
horizontal subalgebra g. 

We saw that the geometry of co-adjoint orbits provided information whether the asso- 
ciated representations are atypical or not. In a similar manner one can relate superconju- 
gacy classes to representations of the affine Lie superalgebra q. Choose an element h\+p 
of the bosonic subalgebra Qq and choose a Cartan subalgebra f) containing h\+p. Then we 
consider the superconjugacy class containing the point exp 



2nih 



A+p 



Ca = { gag ^ \ g in G } , a = exp ^^^^ • (5.32) 

The superconjugacy class is localized into a fermionic direction corresponding to an odd 
root a of g if and only if a{hx+p) = n{k + h^) for some n in Z. But this is equivalent to 

{\ + kkQ + p\a-n5) = {\ + p\ a) - n{k + h'^){Ao\ 6) = 0. (5.33) 

Thus we arrive at the affine analogue of proposition 15.41 

Proposition 5.5. There is a one-to-one correspondence between Verma modules V±(A = 
A + /cAq) and superconjugacy classes 

C ^ V^{K) , (5.34) 

such that a representation is atypical if and only if the associated superconjugacy class is 
not completely delocalized in the fermionic directions. 

In the case of compact simple Lie groups the correspondence has a interpretation in 
terms of Cardy boundary states [35] . To each irreducible finite dimensional highest- weight 
representation of highest-weight A = A -t- /cAq there exists a boundary state -B(A) and in 
the semiclassical limit — > oo this state becomes a distribution concentrated on the 
conjugacy class Ca (a = exp ^"^^v " ) [M] • 

For Lie supergroups boundary states have been studied only in the case of GL(lll) 
[To] and there this correspondence is also true for a special choice of the bilinear forno- 



^Even though gl(l|l) is not classical the above statements hold 
^gl(l|l) is not simple thus the invariant bilinear form is not unique 
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6 Conclusions 



In this note we have studied the geometry of maximally symmetric branes on Lie 
supergroups. 

Following the reasoning for WZNW models on Lie groups fVR [12] we saw that typically 
branes are localized along twisted superconjugacy classes. This was expected from the 
previous analysis of branes in the GL(1|1) WZNW model [10]. The rather surprising 
result is the observation that there exist additional atypical branes. 

The argument that branes are twisted superconjugacy classes required that the brane 
intersects the bosonic Lie subgroup, hence there are regions in the Lie supergroup which 
are not covered by any superconjugacy class. This was the first hint to suspect another 
kind of brane. Then we looked explicitly for new branes in the simplest Lie supergroup 
WZNW model that is the GL(1|1) model. Generically its superconjugacy classes are 
completely delocalized in the fermionic directions but there also exists a discrete one- 
parameter family of point-like superconjugacy classes. In this case we found four distinct 
choices of gluing conditions for the fields. The action of the new branes required the 
introduction of additional boundary fields similar to [9]. The semiclassical limit of these 
models are representations of the finite dimensional Lie superalgebra gl(l|l). These four 
representations have the same infinitesimal character xo and they are the four quotients 
of the representation Vq by its proper invariant submodules. Pq is indecomposable and 
maximal in the sense that it is not the quotient of a larger indecomposable representation. 
The representation associated to the point-like superconjugacy class is irreducible while 
the remaining three representations are indecomposable but not irreducible. 

Then we studied the relation between the geometry of branes and the representations 
of finite dimensional and affine Lie super algebras, focusing on atypicality. In the case of 
Lie groups, untwisted branes (i.e. with trivial gluing automorphism) are in one-to-one 
correspondence to conjugacy classes which are in one-to-one correspondence to irreducible 
representations of the current algebra at fixed level k. For Lie superalgebras irreducible 
representations are in one-to-one correspondence to superconjugacy classes which corre- 
spond to untwisted branes. Whenever the superconjugacy class is not completely delo- 
calized in the fermionic directions the associated representation is atypical and we saw 
in the example of GL(1|1) that additional atypical branes appear which we associate to 
representations that are indecomposable but not irreducible. 

There are several interesting possible extensions of this work. 

The relevance of atypical branes should be studied in more detail. In general it would 
be interesting to compute correlation functions of boundary WZNW models on Lie super- 
groups. For the bulk models a Kac-Wakimoto like formulation involving be ghost systems 
at central charge c = —2 has been introduced in [SI El E]- This formalism allows the 
perturbative expansion of correlation functions in terms of correlation functions of the 
WZNW model of the bosonic Lie subgroup and of the be system. Due to the zero modes 
of the ghosts, only a finite number of terms of the perturbative expansion can contribute. 
In [9] a similar setup has been introduced for the GL(1|1) model. For those gluing con- 
ditions where the ghost field b is identified with its antiholomorphic counterpart b only 
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a finite number of terms of tlie perturbative expansion contributed. Tliis works for the 
gluing automorphism (—si) introduced in the appendix. We are currently working on a 
Kac-Wakimoto like formulation for type I Lie supergroup boundary WZNW models with 
gluing automorphism (— st). For trivial boundary conditions one can use the boundary 
conditions of [38j for the be system. Then a derivative of the field c is identified with the 
field b and the perturbative expansion does not terminate. It would be also interesting to 
be able to solve models with other gluing automorphisms than {—st). 

For the GL(1|1) model it is shown [9] that correlation functions only involving atypical 
(bulk and also boundary) fields coincide with the untwisted sector of the symplectic 
fermions [39]. This method also applies to the atypical branes in GL(1|1). A generalization 
to type I Lie supergroup models with vanishing dual Coxeter number might also be 
possible. 

Another interesting direction is the study of branes and the group of brane charges 
which in the case of compact Lie groups has a geometric interpretation as the twisted 
K-group of the Lie group [12] . 



Acknowledgments: I wish to thank Thomas Quella, David Ridout, Peter R0nne and 
in particular Volker Schomerus for interesting discussions and comments on issues related 
to this work and on the manuscript. 

A Appendix 

A.l Fundamental representations 

In this section, we provide the fundamental matrix realizations of the superalgebras 
g[{m\n), sl(m|n), psl{n\n) and osp(m|2n), we follow [T9] . 
gl(m|?7.) is given by 

(A.l) 









m) = 1 




I)} 



where A and D are square matrices of size n and m, B is a. n x m matrix and C is a 
m X n matrix. The supertrace is defined via 

str 1^ ^ =tiA- tiD . (A.2) 

Then, we have the unitary superalgebra 

sl(n|m) = {X e g\{n\m) \ stiX = O}, (A.3) 

for n m, and for n = m the projective unitary superalgebra psl(n|n) =sl{n\n)/2, where 
I is the one dimensional ideal generated by l2n- Further, we have the the orthosymplectic 
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series 

osp(m|2r2) = {X E gl{m\2n) \ X^*5„,„ + = O}, (A.4) 

where the supertranspose is 









-C* \ 











and 



(A.5) 



Bni,n = ( Y J ) ''^^^'^^ Jn= { q" ) • (A. 6) 



A. 2 Gluing automorphisms 

We aheady showed in the second section that inner automorphisms preserve the metric, 
it remains to find all metric preserving outer automorphisms. For complex Lie superalge- 
bras the groups of outer automorphisms are classified in [2^. Denote the group of outer 
automorphisms of G by Out G, then Out sl(m|n) = Z2, generated by (— st) : X ^ — X''*. 
It is straightforward to verify, that this is indeed an automorphism and that it preserves 
the supertrace. 

Further, Out osp(2m + \ \2n) = 1, and Out osp(2m|2n) = Z2, generated by AdJ^.n, 

where Jm,n in gl{2m, 2n), with det Jm,n = -1, Jm,n = hm+2n and Jra,nB2m,nJm,n = B2m,n- 

This leaves also the metric invariant by the same argument as for an inner automorphism. 

Before we turn to psl(r;,|n), 7^ 2, we introduce the relevant automorphisms. For 
X = g), we have (A G C) 

nm -{",1), s.(x) ^ ( ^« 

Note, that 11 changes the metric by an overall minus sign, so it is not a gluing automor- 
phism. Since S\ acts only on the fermionic part, it preserves the metric. Then Out psl(n|?2) 
is described by the exact sequence 

1 ^ {5a}/{5a|A" = 1} ^ Out psl{n\n) ^ Z2 © Z2 ^ 1, 

where Z2 © Z2 = 11 © {—st). psl(2|2) carries an action of SL{2) induced by 

aB + bJiC'J{^ 

-cJiBKj-^ -aC 

this defines an automorphism and since it leaves the bosonic subalgebra invariant it pre- 
serves the metric. Out psl(2|2) is described by the exact sequence 

1 ^ 5L(2)/(-l2) ^ Out psl(2|2) ^ Z2 ^ 1, 

where Z2 is generated by 11. 

Further, the extension of the automorphisms to gl(n|m) is straightforward and the 
dilatation of the fermionic elements becomes inner. 

Note, that the exceptional classical Lie superalgebras do not admit a metric preserving 
outer automorphism. 



a b \ A B 
c -a } ' \ C D 
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A. 3 Real Forms 



Real forms of classical Lie superalgebras are classified in [IQ] and [H]. As in the 
case of simple Lie algebras this is done by classifying the involutive semimorphisms of 
the complex Lie superalgebras. A semimorphism of a complex Lie superalgebra g is a 
semilinear transformation such that 

[0(X), = 0([X, Y]) for all X, F in g . (A.7) 

Then for every involutive semimorphism (f) 

= {X + 0(X) I X in s } (A.8) 

is a real classical Lie superalgebra and these are all (Theorem 2.5 in [H]). 

The relevant Lie algebra is the Grassmann envelope A(g) of the Lie superalgebra q and 
there is the following real form that is not coming from a real form of a Lie superalgebra. 
Define the superstar operation as [19] 

(c^)# = ce* , e** = -e , {Oie^)* = efe* (a.9) 

for any Grassmann numbers 9, 6i and any complex number c. Then concatenation of the 
superstar # with the automorphism {—st) is a semimorphism of A(g) giving rise to a real 
form of A(g). 

Further any automorphism Q of the Lie algebra A(g) restricts to an automorphism of 
A(g)'^ if and only if it leaves A(g)'^ invariant that is Q and commute. 
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